Acoustically driven air pockets trapped in artificial crevices on a surface can emit bubbles which organize in (interacting) bubble clusters. With increasing driving power Fernández Rivas et al. [Angew.
I. INTRODUCTION
Sonochemistry is the use of ultrasound to achieve a chemical conversion. Imploding microbubbles can produce localized extreme temperature and pressure conditions. As a result, high energy chemical conversions can be triggered, eventually resulting in the production of highly reactive radical species [1] [2] [3] [4] [5] [6] . The applications of these reaction products are manifold, including synthesis of fine chemicals, food ingredients and pharmaceuticals, degradation of water contaminants [7] [8] [9] [10] , textile processing 11 and cell disruption 12 .
Fernández Rivas et al. 13, 14 have recently proposed an efficient way to do sonochemistry, controlling cavitation by using micropits grooved on silicon substrates, following the original idea of Bremond et al. 15 . At sufficient acoustic pressures, a bubble cluster is generated in the liquid above each pit. If two pits or more are present, such clusters tend to attract and merge over a certain pressure amplitude. It has been shown that merging clusters are associated to a reduction in the radical production respect to the case of not interacting clusters 14 and erosion of the reactor walls 16 . Therefore, in efficient sonochemical reactors design, one should maximize the number of pits (i.e. of bubbles) but should avoid cluster-merging conditions. The goal of the present work is to understand the transition between the three possible behaviors observed in experiments (see Fig. 1 ):
individual clusters next to the pit out of which they were generated (behavior 1), individual clusters pointing towards the central array of the pits (behavior 2), and clusters migrating towards the center (behavior 3). The key factor to study these phenomena are the acoustic interactions between different bubbles, namely the secondary Bjerknes forces 17, 18 .
Though these forces have been largely investigated both for bubble pairs [19] [20] [21] [22] [23] [24] and for bubble clouds 25, 26 , making an a-priori prediction even on their sign is a non-trivial matter. The linear theory predicts that two acoustically driven bubbles oscillate in phase and attract each other when the driving frequency is greater or lower than both their resonance frequencies, while they oscillate in counter-phase and repel with a driving fre-quency in-between their resonance frequencies 27 . Thus, Bjerknes forces are expected to be attractive for bubbles of equal size 22, 23 . As a first, qualitative statement, we can therefore expect the cluster-cluster interaction to be attractive (since the pits are identical, the bubbles of each cluster should have similar sizes). Hence, the fact that clusters merge only above a certain threshold suggests that the pit-cluster interaction is also attractive, and that the cluster-cluster interaction must overcome the pit-cluster one to achieve cluster merging. However, it has been proved by a number of authors that the sign of the Bjerknes forces can be reversed due to several mechanisms neglected by the classical linear theory, such as the effect of secondary harmonics 21, 24 , the resonance-like behavior of small bubbles (below their resonance size) near the dynamic Blake threshold 28 and viscous effects during translational motion 29 . Several studies of two bubbles interacting in a strong acoustic field have also shown that bubbles oscillating nonlinearly can form a bound pair with a steady spacing rather than collide and coalesce, as linear Bjerknes theory would predict [30] [31] [32] [33] . Therefore caution is required when one wishes to understand the behavior of interacting clusters of bubbles.
In the present work we will investigate the Bjerknes forces acting upon the clusters and their dependence on different parameters, such as the size and the number of the bubbles, the size of the clusters, the distance between the pits and the driving pressure.
We will show the influence of these forces upon the bubble dynamics and the radical production and will address the conditions required for the different transitions, thus providing practical indications for efficient sonochemical sonoreactors design, where one wishes to have the highest possible number of non-interacting micropits.
II. MODEL
In the experiment of Ref. 14 , the bubble population is quite polydisperse. In top view, clusters appear as diffuse circles of radius R c (Fig. 1) ; a side view reveals that they are in contact with the substrate and have roughly an elliptic shape (Fig. 7 of Ref. 14 ) with a long axis parallel to the substrate, and not much larger than the short axis. To simplify the problem, we will assume that each cluster is a sphere of radius R c in tangential contact with the substrate and we will neglect polydispersity. We will consider R c as time-invariant for simplicity reasons, although in reality this holds only on average, for a give applied power, but not in a rigorous sense. We will also assume that all the bubbles have the same radius R(t) and that the two cluster have the same number of bubbles N, constant in time.
Each individual bubble in a cluster experiences acoustic interactions from the pits, from the neighboring bubbles of the same cluster, from the bubbles of the other cluster, and from all image bubbles, given the presence of the hard silicon substrate (see Fig. 2 ).
We describe the behavior of a single bubble belonging to one of the clusters by extending the model previously developed in Refs. [34] [35] [36] and validated in 37 , to incorporate the effect of the secondary Bjerknes forces upon the pulsation of the bubble. This model is then coupled with a static force balance in order to study the switch between the different conditions observed experimentally (see Fig. 1 ).
The model that we adopt for the single bubble is an ODE model based on the assumptions that the gas inside the bubble is a perfect gas and that the bubble has a uniform temperature and pressure. The temperature evolution is derived from the energy equation. Heat and mass transfer are treated with a boundary layer approximation [34] [35] [36] .
Evaporation/condensation phenomena are kept into account, as well as the variation of the transport parameters due to compositional changes of the mixture. A list of 45 chemical reactions is included, with their temperature dependent chemical kinetics, governed by Arrhenius law. We refer the reader to 36 for a detailed description of these parts of the model, and we concentrate in the following upon the treatment of the Bjerknes forces.
The radial dynamics of a bubble belonging to cluster 1 is described by means of a modified Rayleigh-Plesset equation, keeping into account the effect of the secondary Bjerknes forces on the radial pulsation 26, 38 :
Here the dots are used for time derivatives, R is the radius of the bubble, c is the speed of sound, ρ is the density of the liquid, ν its kinematic viscosity, σ is the surface tension, p ∞ the static pressure and P(t) = P a cos ωt is the acoustic driving pressure, with P a the driving amplitude, f = ω/2π the frequency and τ = 1/ f the period of the driving. T Bj is a coupling term expressing the effect of the interaction with the other bubbles, both real and imaginary, and the pits
T c1 and T c2 are the coupling terms with the bubbles of the same cluster and the other cluster respectively, T m1,2 are the coupling terms with the two mirror clusters, T p1,2 are the coupling terms with the two pits.
The coupling term T 2→1 between two isolated bubbles, describing the influence of bubble 2 on the radial oscillations of bubble 1, can be written as 28
Therefore, the coupling term between one bubble i and the other bubbles of the cloud to which it belongs becomes
in which r ij is the distance between bubbles j and i. Following the approximation of Yasui et al. 26 , i.e. neglecting polydispersity and assuming that the cluster has constant density, we get:
where R c is the cluster radius and n is the number density of bubbles, n ≃ 3N/4πR 3 c .
The coupling term between the considered bubble of cluster 1 and all the bubbles of cluster 2 is expressed as in Ref. 26 T
where d c is the distance between the two clouds. This is valid as long as d c ≫ R c . The coupling terms T m1,2 with the two mirror clusters are expressed in a similar way.
In order to model the interaction of the bubble with the pit, we consider the pit as an effective bubble with the same resonant frequency ω p and damping coefficient β as the pit. Although the pit is not a spherical bubble, and may oscillate in a nonlinear fashion, we will treat it as a harmonic oscillator. This assumption is acceptable as long as we showed in Ref. 39 that, in the considered parametric range, large amplitude oscillations of a gas pocket entrapped inside a cylindrical pit present an overall behavior similar to small amplitude oscillations, with a slightly lower damping but the same resonance frequency. Hence, we consider the pit like a spherical bubble of radius at rest R 0 p , such
with:
The values of ω p and β are taken from the recent results of Gelderblom et al. 41 . These authors have computed the acoustic response of a gas pocket entrapped in a pit, pro- Hence, takingω p = 6, the resonance frequency of a pit equals f p = 143 kHz, with
In the experiments of 13,14 , it is not clear which of the two regimes, potential or Stokes, applies best, but it is seen that the numerical values of eigenfrequency and damping differ by only 10%. Moreover, in the numerical work of Ref. 39 it was shown that in the intermediate regime where both inertia and viscosity are present, the overall behavior of the pit is closer to the Stokes regime, when the static pressure equals p ∞ = 1 atm. So, we use hereby the results related to the Stokes regime for the damping and we take β = 3.8 × 10 5 s −1 .
By substituting R p (t) inside (3), the coupling term between the considered bubble of cluster 1 and pit 1 can be expressed as
where d p1 is the distance between the bubble and the pit. The coupling term T p2 between the bubble of cluster 1 and pit 2 is expressed correspondingly.
We now turn to the forces experienced by the clusters (see Fig. 2 ). As we want to study the transition between behavior 1 and behavior 2, we will focus on the forces acting on the horizontal plane. Hence, we will neglect both the buoyancy and the primary Bjerknes force, which is directed in the vertical direction, because the driving pressure is a standing wave with a anti-node on the substrate and a node at the free water-air surface 42 .
In a static equilibrium condition, all the forces acting upon a bubble of cluster 1 with an horizontal component are secondary Bjerknes forces. Such forces are exerted by the other cluster F c , by the mirror clusters F m1,2 and by the pits F p1,2 . In order to derive them, we first consider two oscillating bubbles, of volume V 1 and V 2 , separated by a distance d much greater than their radii; then bubble 1 experiences a force equal to 28 :
withê 2→1 the unit vector pointing from bubble 2 to bubble 1. For bubbles of the same radius R, this reduces to F 2→1 = 4πρR 3 (R 2R + 2RṘ 2 )ê 2→1 /3d 2 . Let us first notice that the forces between bubbles pertaining to the same cluster are responsible of the cluster cohesion, but are irrelevant to the interaction between different clusters; hence, we neglect them to assess the stability of behavior 1. Assuming that R c ≪ d c , each bubble of cluster 1 experiences from cluster 2 a force equal to 26, 38 :
As d c = d − 2δ (Fig. 2) , the horizontal component of F c is given by
with A c = 4πρNR 3 (R 2R + 2RṘ 2 )/3. The forces acting on each bubble of cluster 1 from the mirror clusters, namely F m1 and F m2 , and their horizontal components can be expressed in a similar way.
The secondary Bjerknes force acting over each bubble of cluster 1 from pit 1 is found by substituting the volume of the equivalent bubble corresponding to the pit
Hereê p is the unit vector pointing from the pit to the bubble and
Even if d p depends on the location of the bubble within its cluster, we will take d p as the distance between the pit and the center of the cluster; in practice, off-centered bubbles within the cluster will experience pit interaction of a different magnitude, but this will be compensated by the interaction with the other bubbles responsible of the cohesion of the cluster. Givenê p ·ê x = δ/d p1 , the horizontal component of F p1 can be calculated from (12) as
The force F p2 acting on each bubble of cluster 1 from pit 2 and its horizontal component are calculated similarly.
III. RESULTS

A. Transition from individual clusters to merging clusters
Fernández Rivas et al. 14 provide an experimental characterization of the number and size of the bubbles present in the cluster for one, two and three pits, and for three different powers. They show that the number of bubbles N increases at increasing power, and that both the average bubble radius (R ≃ 10 µm) and the most probable radius (R ≃ 3 µm) have no significant dependence on the power and on the number of pits. According to (10) and (12), at first order, i.e. neglecting the effect of the other bubbles on R(t), the cluster-cluster force is proportional to N, whereas the pit-cluster force does not depend on N. The threshold pressure for merging may thus originate either from the fact that N increases at increasing power or from higher order effects of bubble oscillations on the secondary Bjerknes forces, contained inside the terms A p and A c . In order to investigate the transitions between the three different behaviors found in experiments (see Fig. 1 ), we adopt a quasi-static "adiabatic" approach: we take δ as a constant over time, representing the displacement of the bubble and therefore of the cloud from the initial equilibrium position. At each instant, we calculate the horizontal components of F c , F p1,2 and F m1,2 .
We stop the calculation after one cycle, to match the experimental conditions of Ref. 14 , where the bubbles did not survive after the first collapse. We perform the time averages of the forces over the whole cycle and we verify whether the following holds
where F * x = F c + F p2,x + F m2,x is the sum of the forces attracting the clusters towards each other and · denotes the time average over the first acoustic cycle.
In order to study the transition between behavior 1 and behavior 2, i.e. the inception of the motion, we consider a small initial horizontal displacement δ = R 0 of the bubble from the pit axes and therefore from its rest conditions. The motion starts once Eq. (14) holds. However, this does not imply that the bubble will eventually reach the center of the pit array, as we will show below. An example of forces acting upon a bubble with an initial displacement of δ = R 0 is given on Fig. 3 . Sign inspection shows that the clustercluster forces both with the real and the mirror cluster 2 are always attractive, while the pit-clusters forces become repulsive at high driving pressure. Above pressures of 150 kPa the noise increases, probably due to the nonlinearity of the problem.
In order to study the transition between behavior 2 and behavior 3, i.e. the merging of the clusters, we consider both F * In Fig. 6 , we show the voltage applied to the piezo when the clusters merge, at increasing applied power (black) and when the clusters detach, coming back to their own pits, at decreasing applied power (gray), for the same setup and experimental conditions of Ref. 14 . As the applied voltage is directly connected to the driving pressure P a , we can conclude that the driving pressure required for merging is slightly higher than the one required to detach the clusters. The theoretical investigation of this hysteretic behavior is beyond the scope of the present paper and should be addressed in future works.
For a given R 0 and R c ,P a has a very slight dependence on the number of bubbles and increasing N reducesP a only until a certain value of N. With R 0 = 10 µm, R c = 100
and d = 1000 µm this happens for N < 50 (see Fig. 7 ). For clusters with a higher number of bubbles, a further increase of N does not imply a further decrease ofP a . This means that the number of bubbles itself is not what determines the transition between separated clusters and merging clusters. Thus, we can conclude that, at medium and high power, the phenomenon is governed by nonlinear oscillations effects contained inside A p and A c in Eqs. (11) and (13).
However, the number of bubbles can still have an indirect influence on the transition:
given a certain R 0 and N, bothP a andδ are higher when the cloud radius R c is smaller (see Fig. 8 ). As nonlinear oscillating bubbles tend to form stable pairs without coalescing, i.e.
the bubbles remain at a certain equilibrium distance from each other [30] [31] [32] [33] , we can expect that an increase in the number of bubbles will also lead to an increase in the cluster size and therefore to a lower P a at transition.
The dependence of the pressure amplitude for clusters merging on the bubble size is non-monotonic. In a range from R 0 = 3 to 15 µm, the clusters requiring a lowerP a to escape from the pit region are those with R 0 = 10 µm (see Fig.9 ). Therefore we can assume that these bubbles will also be the ones to initiate the merging. Nevertheless, the inclusion of inertia and drag, excluded from the present approach, could shift this minimum towards lower values of R 0 and it should be addressed in a future paper.
B. Radical production
In order to investigate the effects of the Bjerknes forces on the radical production, we consider a cluster with R c = 100 µm, N = 100, d = 1000 µm, R 0 = 3 µm, driven at f = 200 kHz and P a = 270 kHz. In Fig. 10 we show the radial and thermal evolution of a bubble of such a cluster. Including the Bjerknes forces (solid line) has the same effect of adding some damping to the system, as it leads to a lower expansion of the bubble 26 and therefore to a lower temperature at collapse respect to the case where Bjerknes forces are not included (solid-dashed line). As the radical production is related to the peak temperature through Arrhenius law, neglecting the Bjerknes forces induces a huge overestimate of the produced radicals (see Fig. 11 ). Moreover, the Bjerknes forces reduce the eigenfrequency of the bubble (see Fig. 10 ), and therefore induces a further reduction of the radical production, due to the lower number of collapses per unit time respect to the isolated bubble. From the theoretical point of view this reduction of the resonance frequency can be predicted using the standard approach for the calculation of the linear resonance frequency of a bubble 43, 44 . We rewrite the modified Rayleigh-Plesset equation (1) at high driving amplitude, the pit-cluster force can become repulsive 28, 33 (see Fig. 3 ). In Fig. 10 and in Fig. 11 we also show the dynamic, thermal, and chemical evolution of the same bubble driven at P a = 160 kPa, without the Bjerknes forces. This driving amplitude corresponds to the "effective pressure" that we calculated in our previous work for the two pits case, just before the merging occurred (see Fig. 21 in Ref. 14 ) . In that case the effective pressure was extracted from the experimental data by neglecting the Bjerknes forces and using the bubbles as a pressure sensor through their recorded dynamics. Although there are some differences between the radial evolution curve of a bubble driven at P a = 270 kPa undergoing Bjerknes forces and an isolated bubble driven at P a = 160 kPa, the maximum and the minimum radius correspond, thus providing consistency between the present work and Ref. 14 .
The interaction with the other bubbles strongly influences the radical production even before the inception of the motion. In Fig. 12 we show the maximum number of OH radicals produced per cycle in one bubble of cluster 1 as function of the distance between the pits. When the distance between the pits decreases, so does the radical production, because the interaction with the neighboring bubbles becomes stronger, therefore damping the oscillations and decreasing the temperature at collapse. For the same reason, for a fixed number of bubbles, smaller clouds have lower radical production (Fig. 12) , as the bubbles are closer. Similarly, for a fixed cluster size, raising the number of bubbles reduces the chemical production (see Fig. 13 ). However, in the range between 50 and 100 bubbles, there is a local maximum at N ∼ 70. This could provide an explanation to the experimental observation that, above a certain threshold, a further increase of the applied acoustic power does not enhance the radical production 14 .
IV. CONCLUSIONS
In the present work we theoretically studied the interactions between bubbles clusters generated from ultrasonically driven silicon etched micropits 14 . We addressed the transition between the three different behaviors observed in Ref. 14 at increasing acoustic power: clusters sitting upon their own pit, clusters pointing towards each other and clusters migrating towards the center point of the pits array. We considered each cluster as a point object and we examined the secondary Bjerknes forces acting upon it. These forces depend on the displacement of the cluster from the pit. While the cluster-cluster force is always attractive, in the considered parametric range, at high driving the pit-cluster force can also become repulsive at some points very close the pit, thus favoring the inception of the motion. Given the driving frequency and the size of the bubbles and the pits, this is in contrast with the predictions of the linear theory and it has to be ascribed to the nonlinearity of the phenomenon 21, 28, 33 . We found that there always exists a barrier, generally coinciding with the maximum attractive force of the pit, that needs to be overcome for cluster-merging to take place. This barrier is located at a distance of the order of the cluster radius, in agreement with experimental observations. The P a required for the cluster to escape the trapping force of the pit is consistent both with the measured ones and with the effective pressures that we extracted from the bubble dynamics in our previous work 14 . As the distance between the pits increases, the P a for merging also increases, up to a certain limiting distance, where the cluster cannot escape from the pits.
For practical purposes, this could be regarded as an optimal distance between the pits for efficient sonochemical reactors design, where the number of the pits (i.e. of the bubbles) should be the maximum possible per unit area, but still avoiding the merging as it lowers the radical production 14 and enhances the erosion of the reactor walls 16 .
We showed that the key to the transition to merging clusters relies on the influence of the nonlinear bubble oscillations and not on the increasing number of bubbles at increasing powers, as the P a for merging decreases when N increases, but only until a certain threshold, after which it basically becomes constant. However, an indirect influence of the number of bubbles can be present, because the P a for transition decreases with the size of the cluster. As strongly driven bubbles tend to form stable pairs rather than to coalesce 28 , we can expect that increasing the number of generated bubbles will also increase the clusters radii. This dependence of the cluster dimension on the number of bubbles, as well as inertia and drag experienced by translating bubbles, should be addressed in future works, for a more complete understanding of the phenomenon.
We also showed that the bubble size has an influence on the driving pressure required for merging, which presents a minimum for clusters with bubbles of 10 µm. We can therefore expect that the merging and the consequent generated flow are first initiated by the bubbles of this size, with some shift towards the smaller bubbles once that also inertia and drag come into play.
Finally, we examined the sonochemical production and we found that neglecting the Bjerknes forces will lead to a huge overestimate of the number of radicals produced.
This happens because the interaction with the neighbors dampens the oscillations of the bubble, reducing the temperature at collapse and also the resonance frequency. Since these interactions exhibit an inverse proportionality with the distance between the bubbles, smaller size of the clusters and shorter distances between the pits as well as higher number of bubbles strongly decrease the radical production, even before the merging takes place. This could be the key to explain the experimental observation that increasing the power after a certain threshold does not improve the sonochemical production. For practical purposes, the efficiency of a sonochemical reactor could benefit from a medium power operating condition instead of high power and a distance between the pits substantially larger, in order to prevent cluster merging, which reduces the chemical yield. Figures   FIG. 1 
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